Numerical solution for the regularized long wave equation is studied by a new conservative Crank-Nicolson finite difference scheme. By the Richardson extrapolation technique, the scheme has the accuracy of O(τ 2 + h 4 ) without refined mesh. Conservations of discrete mass and discrete energy are discussed, and existence of the numerical solution is proved by the Browder fixed point theorem. Convergence, unconditional stability as well as uniqueness of the solution are also derived using energy method. Numerical examples are carried out to verify the correction of the theory analysis. MSC: 65M06; 65N30
Introduction
Consider the initial boundary value problem for the regularized long wave (RLW) equation
with an initial condition
and a boundary condition
where u  (x) is a given known function. The RLW equation is originally introduced as an alternative to the Korteweg-de Vries (KdV) equation to describe the behavior of the undular bore by Peregrine [] and plays a very important role in physics media, since it describes phenomena with weak nonlinearity and dispersion waves, including nonlinear transverse waves in shallow water, ion-acoustic and magneto hydrodynamic waves in plasma and phonon packets in nonlinear crystals. When it is used to model waves generated in a shallow water channel, the variables are normalized in the following way: distance x and water elevation u are scaled to the water depth h, and time t is scaled to 
and
where Q() and E() are two positive constants which relate to the initial condition. [] thought that the conservative difference schemes perform better than the nonconservative ones, and the non-conservative difference schemes may easily show nonlinear 'blow-up. ' Hence, constructing a conservative difference scheme for the numerical solution of the nonlinear partial differential equation is quite significant. In this paper, coupled with the Richardson extrapolation, a two-level nonlinear Crank-Nicolson finite difference scheme for problems (.)-(.), which has the accuracy of O(τ  + h  ) without refined mesh is proposed. The scheme simulates two conserved quantities (.) and (.) well, respectively. Moreover, priori estimate, existence and uniqueness of the numerical solutions are discussed. Convergence and unconditional stability of the scheme are also proved. The outline of the paper is as follows. In Section , a nonlinear conservative difference scheme is proposed. In Section , we prove the existence of the difference solution by the Browder fixed point theorem. Priori estimate, convergence and stability are proved in Section , and numerical experiments to verify the theoretical analysis are reported in Section .
Nonlinear finite difference scheme
be the step size for the spatial grid such that x j = x L + jh (j = -, , , . . . , J, J + ). Let τ be the step size for the temporal direction t n = nτ (n = , , , . . . , N ), N = [
In the paper, C denotes a general positive constant which may have different values in different occurrences.
Proof Obviously,
Since ∀u ∈ Z  h , we have u x  = ux  . By Cauchy-Schwarz inequality, we get
The following Crank-Nicolson conservative difference scheme for problems (
From boundary condition (.), and physical boundary (.), discrete boundary condition (.) is reasonable. Based on scheme (.)-(.), the discrete versions of (.) and (.) are obtained as follows. http://www.advancesindifferenceequations.com/content/2013/1/287 Theorem . Scheme (.)-(.) admits the following invariants, i.e.,
Proof Multiplying (.) with h, then summing up for j from  to J -, by boundary condition (.) and formula of summation by parts [], we have
Taking the inner product of (.) with u
Similarly, by the definition of E n , (.) is obtained from (.).
Existence
To Define an operator g on Z  h as follows:
Taking the inner product of (.) with v, we get
From Lemma . and Cauchy-Schwarz inequality, we get
Hence, for ∀v ∈ Z 
According to Taylor expansion, we obtain the following result.
Theorem . |r
n j | = O(τ  + h  ) holds as τ , h → .
Proof Since v(x, t) is the solution of problems (.)-(.), we have
Firstly, considering the term v t , by Taylor expansion at the point (x j , t n+   ), we get
It follows from (.) and (.) that
Similarly, by Taylor expansion, we can obtain the following results, respectively:
Thus, by (.) and (.), we have
By (.) and (.), we have
Apparently, it follows from (.), (.), (.) and (.) that (.) holds.
Lemma . Suppose that u
Proof It follows from (.) that
By Sobolev inequality, u L ∞ ≤ C holds. http://www.advancesindifferenceequations.com/content/2013/1/287
Proof It follows from Theorem . and Lemma . that
that is,
By discrete Sobolev inequality [], we have u n ∞ ≤ C. 
Computing the inner product of (.) with e n+   , and using boundary condition (.), we get r n , e According to Lemma ., Lemma ., Theorem . and Cauchy-Schwartz inequality, we get By discrete Gronwall inequality [], we have
Finally, by discrete Sobolev inequality [], we get
This completes the proof of Theorem ..
Similarly, we can prove the stability and uniqueness of the difference solution. 
Numerical experiments
In this section, we compute a numerical example to demonstrate the effectiveness of our difference scheme. The single solitary-wave solution of RLW equation (.) is given by
, and a, δ are constants. Scheme (.)-(.) is a nonlinear system of equations which can be solved by the Newton iteration. Take a =   , δ = , and the initial function of problems (.)-(.) is rewritten as
In the numerical experiments, we take x L = -, x R =  and T = . The errors in the sense of L ∞ -norm and L  -norm of the numerical solutions under different mesh steps h and τ are listed in Table . Table  shows that the computational and the theoretical orders of the scheme are very close to each other. Furthermore, since we have shown in Theorem . that the numerical solution u n satisfies invariants (.) and (.), respectively, Table  is also presented to show the conservative laws of discrete mass Q n and discrete energy E n .
From these computational results, the stability and convergence of the scheme are verified, and it shows that our proposed algorithm is effective.
